The study of qualitative properties of random and stochastic differential equations is now one of the most active fields in the modern theory of dynamical systems. In the deterministic case, the properties of flattening and squeezing in infinite-dimensional autonomous dynamical systems require the existence of a bounded absorbing set and imply the existence of a global attractor. The flattening property involves the behaviour of individual trajectories while the squeezing property involves the difference of trajectories. It is shown here that the flattening property is implied by the squeezing property and is in fact weaker, since the attractor in a system with the flattening property can be infinite-dimensional, whereas it is always finite-dimensional in a system with the squeezing property. The flattening property is then generalized to random dynamical systems, for which it is called the pullback flattening property. It is shown to be weaker than the random squeezing property, but equivalent to pullback asymptotic compactness and pullback limit-set compactness, and thus implies the existence of a random attractor. The results are also valid for deterministic non-autonomous dynamical systems formulated as skew-product flows.
Introduction
The theory of dynamical systems has been successfully used from decades ago to analyse qualitative properties of many models of differential equations arising from Physics, Mechanics, Chemistry, Biology, etc. (See Hale 1988; Temam 1988; Ladyzhenskaya 1991; Vishik 1992; Chepyzhov & Vishik 2002.) More recently, some of these ideas have also been used to describe the asymptotic behaviour of random and stochastic differential equations (Schmalfuss 1992; Crauel & Flandoli 1994; Arnold 1998) . In all cases, the concept of global attractor plays a crucial role. When the model is related to a system of partial differential equations, the existence of a global attractor is usually related to a kind of squeezing or flattening of the high modes in the evolution in time of trajectories, which leads to some of the most impressive results in the theory of infinite-dimensional dynamical systems. In this work, we want to go further in the clarification of the meaning of these kind of flattening properties and its relation with the existence of attractors, both in the deterministic and the stochastic cases.
It is often not difficult to show that a dynamical system given in terms of a specific differential equation has a bounded absorbing set. In finite-dimensions, such sets are compact and this is sufficient to ensure the existence of a global attractor. In the infinite-dimensional case, however, requiring an absorbing set to be compact is a severe restriction. An additional property to the existence of a bounded absorbing set is needed to ensure that there is a global attractor, such as the compactness, eventual compactness or asymptotic compactness of the flow operator (Hale 1988; Temam 1988; Ladyzhenskaya 1991; Vishik 1992; Rosa 1998; Robinson 2001 ).
An alternative idea is the squeezing property, which was introduced by Foias & Temam in the context of the Navier-Stokes equations (Foias & Temam 1979; Foias et al. 1988) and is applicable to many other classes of dissipative partial differential equations (Eden et al. 1994; Temam 1988; Robinson 2001) . In the squeezing property, a finite-dimensional subspace of what are called lower order modes is introduced and either the higher order modes are bounded by the lower modes or the solutions are squeezed together. The squeezing property, which also requires the existence of a bounded absorbing set, has been used with considerable success to establish interesting properties of dissipative dynamical systems, such as determining modes (Foias & Prodi 1967; Robinson 2001) , the finite-dimensionality of global attractors (Constantin et al. 1985) and even to construct exponential attractors (Eden et al. 1994) .
A related idea, which we shall call flattening, was introduced by Ma et al. (2002) under the name Condition (G). It assumes the existence of a bounded absorbing set and requires the finite-dimensional modes to become uniformly bounded with the remaining higher order modes becoming sufficiently small. Ma et al. (2002) showed that it is equivalent to a form of asymptotic compactness in uniformly convex Banach spaces, and that it implies the existence of a compact attractor. In most cases, it is not difficult to verify because estimates for the flattening property are obtained in much the same way as those needed to show that there is a bounded absorbing set. However, a major difference from the squeezing property is that the resulting attractor need not be finite dimensional.
In the first part of this paper, we will show that the flattening property is implied by the squeezing property in uniformly convex Banach spaces and then give counter examples that satisfy the flattening property but not the squeezing property-thus flattening is a weaker property than squeezing.
In the second and main part of the paper, we will extend the idea of flattening to random dynamical systems and compare it with pullback squeezing, the corresponding generalization of the squeezing property to deterministic nonautonomous dynamical systems. Our results make no use of the topology of the autonomous driving system of the skew product flow, therefore, apply equally well to deterministic non-autonomous dynamical systems formulated as skew product flows, e.g. systems generated by reaction diffusion equations with temporally almost periodic coefficients. In particular, we do not need to assume the existence of a uniform absorbing set as do Wang et al. (in press) , who extend the flattening concept to deterministic skew product flows, thus, our results also generalize theirs in this context. We will use the following measure of non-compactness. Definition 1.1. Let X be a metric space and D a bounded subset of X. The Kuratowski measure of non-compactness g(D) of D is defined by gðDÞ Z inf dO 0 : D admits a finite cover by sets of diameter% d f g : The following summarizes some of the basic properties of this measure of non-compactness (e.g. Deimling 1985) . Lemma 1.2. Let X be a Banach space and let g be the measure of noncompactness. Then
are non-empty closed sets in X such that g(F n )/0 as n/N, then T nR1 F n is non-empty and compact.
In addition, let X be an infinite-dimensional Banach space with a decomposition XZX 1 4X 2 and let P: X/X 1 , Q: X/X 2 be projectors with dim X 1 !N. Then (vii) g(B(e))Z2e, where B(e) is a ball of radius e. (viii) g(D)!e for any bounded subset D of X for which the diameter of QD is less than e.
The deterministic autonomous case
The observed squeezing of high modes of the difference of trajectories in turbulent fluids has been formulated mathematically as the squeezing property by Foias & Temam (1979) , and has been used to prove many interesting and beautiful results for the Navier-Stokes equations and similar types of dissipative dynamical systems.
Definition 2.1 Squeezing property. Suppose that a semiflow S on a Banach space X has a bounded absorbing set B in X. Let P be a projection onto a finitedimensional subspace of X and QZIKP. Then for x, y2B either kQðSð1Þx KSð1ÞyÞk% kPðSð1Þx KSð1ÞyÞk; i.e. the higher modes are bounded by the lower modes, or kSð1Þx KSð1Þyk% dkx Kyk; for some d2(0, 1), i.e. the solutions are squeezed together.
In applications to the planar Navier-Stokes equations, for example, P is usually taken as the projector onto the subspace of X spanned by the first N eigenfunctions associated with the Stokes operator A, i.e. PuZ P N iZ1 ðu; w i Þw i , where fw i g N iZ1 is the orthonormal basis in X consisting of the eigenfunctions of A, and the operator Q is defined as QuZ
There is another, simpler feature of the dynamics in many dissipative systems in infinite-dimensional spaces, namely, the dynamics in the lower order modes becomes bounded and that in the higher modes becomes small. Ma et al. (2002) formulated this as Condition (G) and showed that it is sufficient for the existence of a global attractor. We will call it the flattening property here.
Definition 2.2 Flattening property. Suppose that a semi flow S on a Banach space X has a bounded absorbing set B in X. For any bounded set D3X and for any e O0, there exists T e (D)O0 a finite-dimensional subspace X e of X, and a bounded projector P e :X/X e such that S tRT e ðDÞ P e SðtÞD is bounded and kðI KP e ÞSðtÞx 0 k! e; ct R T e ðDÞ; x 0 2D:
The flattening and squeezing properties obviously seem to be closely related and we want to clarify this relationship. We will show that the flattening property is a weaker concept than the squeezing property.
In §2a,b, we will prove that squeezing implies flattening, at least when the Banach space X is uniformly convex, i.e. for all eO0 there exists dO0 such that, given x, y2X, kxk, kyk%1, kxKykOe, then (kxCyk/2)!1Kd. Requiring a space to be uniformly convex is not a severe restriction in applications, since this property is satisfied by all Hilbert spaces, the L p spaces with 1!p!N, and most Sobolev spaces W k,p with 1!p!N (see Brézis 1983 ; section III.7). We also give counter examples that satisfy the flattening property but not the squeezing property.
(a ) Squeezing implies flattening Ma et al. (2002) introduced the following concept under the name of u-limit compact, but we will call it limit-set compact to avoid confusion in the stochastic setting later, where u is used in another context. Definition 2.3. A semi flow S on a Banach space is said to be limit-set compact if for every bounded set D3X and eO0 there exists a T e (D)O0 such that
where g is a measure of non-compactness defined on the subsets of X.
They then prove (theorem 3.10 in Ma et al. (2002) ) that a semi-dynamical system is flattening if it is limit-set compact, provided X is a uniformly convex Banach space.
The following result proves that the squeezing property is a sufficient condition for limit-set compactness. Thus, for uniformly convex Banach spaces X, flattening is indeed a weaker concept than squeezing.
Lemma 2.4. Suppose that B ZB X (0, r), the ball in a Banach space X of radius r!0 centred on the origin, is an absorbing set of a semi flow S on X. If S satisfies the squeezing property on B, then it is limit-set compact and thus has a global attractor in that B. Moreover, if X is a uniformly convex Banach space, then S has the flattening property.
Proof. Without lost of generality, we can suppose B is a positively invariant absorbing set, as, if not, we could consider S tRt B SðtÞB as a new bounded absorbing set for some T B , such that S(t)B3B for all tRT B .
Using the squeezing property and lemma 2.1 in Eden et al. (1994) , the set S(1)B can be covered by k 0 balls of radius r/2, in other words
In turn, each of the balls Bða 1 i ; r=2Þ can be covered by k 0 balls of radius r/2 2 , so that
Iteratively, we get that
Now, given eO0, there exists n 0 such that r/2 n !e for all nRn 0 ; thus, S(n 0 )B can be covered by a finite number of balls of radius less than e. But note that SðtÞB 3Sðn 0 ÞB for all tR n 0 ; so
Finally, if X is a uniformly convex Banach space, theorem 3.10 in Ma et al. (2002) implies the system is flattening. &
(b ) Flattening does not imply squeezing
A clear difference between flattening and squeezing is that the finitedimensional subspace X e of X in the flattening property may depend on the choice of eO0, while the finite-dimensional projector P and subspace PX in the squeezing property are fixed at the start.
Systems with an infinite-dimensional global attractor are counter examples in which flattening holds but squeezing is impossible. By theorems 3.9 and 3.10 in Ma et al. (2002) , the existence of a global attractor implies that the system is flattening, whereas the squeezing property is a sufficient condition for the finitedimensionality of a global attractor (Eden et al. 1994; Robinson 2001) . Thus, the example in Chepyzhov & Vishik (2002; pp. 161 ) is flattening, but not squeezing.
Actually, simpler examples involving infinite-dimensional systems of uncoupled ordinary differential equations (ODE) show this relationship much more directly. The infinite-dimensional space [ 2 with the norm
is a Hilbert space (hence a uniformly convex Banach space 
which is an infinite-dimensional compact subset of [ 2 .
Remark 2.5. Chueshov & Laisecka (2004) (see also Khanmamedov (2006) ) write a sufficient condition, related to a kind of squeezing in the difference of two trajectories for the asymptotic compactness of a deterministic dynamical system. As we will show later, there exists an equivalence between the flattening and the asymptotically compact property of a system, so that the condition in Chueshov & Laisecka (2004) would be also sufficient for the flattening property. It would be interesting to study if the contrary is also true or not.
Random dynamical systems
Let ðU; F ; PÞ be a probability space and let X be a Banach space. Arnold (1998) defined a random dynamical system (RDS) (q, f) on U!X in terms of a metric dynamical system q on U, which represents the noise driving the system, and a co-cycle mapping f : R C !U !X / X, which represents the dynamics in the state space X and satisfies the properties (i) f(0, u, x 0 )Zf 0 for all x 0 2X and u2U, (ii) f(sCt, u, x 0 )Zf(s, q t u)f(t, u, x 0 ) for all s, tR0, x 0 2X and u2U, (iii) (t, x 0 )1(t, u, x 0 ) is continuous for each u2U, and (iv) u1f(t, u, x 0 ) is F -measurable for all ðt; x 0 Þ 2R C !X.
A metric dynamical system q h ðU; F ; P; q t ; t 2RÞ is a family of measure preserving transformations q t : U/ U; t 2R such that q 0 Zid U , q t +q s Zq tCs for all t; s 2R, the map (t, u)1q t u is measurable and q t PZ P for all t 2R.
Random dynamical systems are generated by finite-dimensional differential equations with random coefficients or stochastic differential equations with a unique and global solution as well as by some infinite-dimensional stochastic evolution equations.
A family DZ fD u ; u 2Ug of non-empty closed subsets of a Banach space X is called a random closed set if the map u1dist(x, D u ) for each x2X is measurable with respect to F. Such a family D is said to be tempered if D(u)3B X (0, r(u)) P-a.s., where r (u) is a tempered random variable, i.e. satisfying for all eO0.
The following concept of a random attractor for random dynamical systems (Schmalfuss 1992; Crauel & Flandoli 1994; Arnold 1998; Crauel et al. 1995; Flandoli & Schmalfuss 1996) extends that of a global attractor in autonomous deterministic systems to random dynamical systems. Definition 3.1. A random compact set AZ fA u ; u 2Ug of a Banach space X is said to be a random attractor for an RDS (q, f) in X if it is f-invariant, in other words fðt; u; A u Þ Z A q t u ; tR 0; P-a:s:; where fðt; u; A u ÞZ S a2A u fðt; u; aÞ; and pullback attracts every tempered random setDZ fD u ; u 2Ug in X in the sense that
where dist X ($, $) denotes the Hausdorff semidistance between subsets of X.
The following result (see Flandoli & Schmalfuss 1996) ensures the existence of a random attractor for an RDS on a Banach space. A partial aim of the present paper is to establish the existence of a random attractor under weaker assumptions on the co-cycle mapping.
Theorem 3.2. Let (q, f) be an RDS on a Banach space X such that f(t, u, $): X/X is a compact operator for each fixed tO0 and u2U.
If there exists a tempered random setBZ fB u ; u 2Ug and a TD ;u R 0 such that f t; q Kt u; D q Kt u À Á 3B u ; ctR TD ;u ; for every tempered random setDZ fD u ; u 2Ug in X, then the RDS (q, f) has a random pullback attractorÂZ fA u ; u 2Ug.
A setBZ fB u ; u 2Ug in X satisfying the properties required by theorem 3.2 is called a (random) pullback absorbing set of the RDS (f, q) in X.
The pullback attraction in the definition of a random attractor is a form of pathwise convergence. It is known that a random attractor also attracts in the usual forwards sense in the weaker convergence in probability, i.e. given eO0, lim
4. Flattening in random dynamical systems Definition 4.1. An RDS (f, q) on a Banach space X is said to be pullback flattening if for every tempered random bounded set BZ fB u ; u 2Ug in X, eO0 and u2U there exists a T 0 ðB; e; uÞO 0 and a finite-dimensional subspace X e of X such that (i) S tRT 0 P e fðt; q Kt u; B q Kt u Þ is bounded, and (ii) kðI KP e Þ S tRT 0 fðt; q Kt u;
where P e :X/X e is a bounded projection and (ii) is understood in the sense that kðI KP e Þfðt; q Kt u; x 0 Þk X ! e for all x 0 2B q Kt u and tRT 0 .
Definition 4.2. An RDS (f, q) on a Banach space X is said to be pullback limitset compact if for every tempered random bounded set BZ fB u ; u 2Ug in X, eO0 and u2U there exists a T 1 ðB; e; uÞO 0 such that
Definition 4.3. A RDS (f, q) on a Banach space X is said to be pullback asymptotically compact in X if for every tempered random bounded set BZ fB u ; u 2Ug in X, each u2U and sequences t k /N and x k 2B q Kt k u , kZ1, 2, ., the set ffðt k ; q Kt k u; x k Þ, kZ1, 2, .} is precompact in X.
Remark 4.4. Brzeźniak & Li (2002, in press ) define an analogous concept of a pullback asymptotically compact RDS with respect to deterministic bounded sets B. In particular, their weaker definition than ours is referred to deterministic bounded sets rather than tempered sets. They are then able to prove that omegalimit sets associated to B are non-empty strictly invariant compact random sets which attract B. Our results, with a stronger definition, which is commonly satisfied in applications, lead to the existence of random attractors and so, in particular, they imply this one.
We will prove the following theorems.
Theorem 4.5. Suppose that, X is a uniformly convex Banach space. The following three properties of a random dynamical system on X are equivalent:
(i) pullback flattening, (ii) pullback limit-set compact, and (iii) pullback asymptotically compact.
Proof. We will prove that (i) 0 (ii), then (ii) 0 (iii) and finally that (iii) 0 (i).
-the RDS is pullback flattening 0 the RDS is pullback limit-set compact Suppose that the RDS is pullback flattening and consider an arbitrary bounded random set BZ fB u ; u 2Ug in X. Then for each u2U g [
where B X (0,e) is the open ball in X with centre 0 and radius e. Hence, the RDS is pullback limit-set compact.
-the RDS is pullback limit-set compact 0 the RDS is pullback asymptotically compact.
Suppose that the RDS is pullback limit-set compact and let BZ fB u ; u 2Ug be a tempered random bounded set in X, for each u2U and eO0 there exists T 1 ðB; e; uÞO 0 such that
Now, if we choose e n d1/n and define t n dT 1 ðB; 1=n; uÞ for nZ1, 2,., with 0! t 1 !t 2 !., we get that
fðt; q Kt u; B q Kt u uÞ ! ! 1 n ; n Z 1; 2; .:
From the properties of our measure of non-compactness, it follows that
Now the bounded sets A n ðB; uÞZ S tRt n fðt; q Kt u; B q Kt u Þ are nested, i.e. with A nC1 ðB; uÞ 3A n ðB; uÞ for nZ1, 2,., thus by lemma 2.11 of Wang et al. (in press ) their intersection is a non-empty compact subset of X, in other words
fðt; q Kt u; B q Kt u Þ: ð4:1Þ
Now consider arbitrary sequences t k /N and x k 2B q Kt k u , kZ1, 2,., where BZ fB u ; u 2Ug is a tempered random bounded set in X. Define F j ðuÞd ffðt k ; q Kt k u; x k Þ, kRj} and (discarding a finite number of k if necessary) define n j dmaxfn 2N : t n % t j g; thus n j /N as j/N. fðt k ; q Kt k u; x k Þ 2fðt k ; q Kt k u; B q Kt k u Þ 3A n j ðB; uÞ;
for all kRj and jZ1, 2,.. Thus, F j ðuÞ 3F j ðuÞ 3A n j ðB; uÞ for all kRj and jZ1, 2,., so
But F jC1 (u)3F j (u) for jZ1, 2, ., i.e the sets are nested, thus they have their intersection non-empty and compact with From this we conclude that the set F 1 ðuÞ dffðt k ; q Kt k u; x k Þ; k R 1g is precompact, and thus that the RDS is pullback asymptotically compact.
-the RDS is pullback asymptotically compact 0 the RDS is pullback flattening.
Suppose that RDS is pullback asymptotically compact and let BZ B u ; u 2U be a tempered random bounded set in X.
Let u2U be arbitrary but fixed and consider the set
It is clear that, a point a 2A N ðB; uÞ if, and only if, there are sequences t k /N and x k 2B q Kt k u , kZ1, 2,., such that f(t,q Kt u,a k )/a as k/N.
From the assumed pullback asymptotic compactness of the RDS it is clear that A N ðB; uÞ is non-empty. Now consider a sequence a k 2A N ðB; uÞ, kZ1, 2,.. Then for each kR1, there exist sequences t k Rk and y k 2fðt; q Kt k u; B q Kt k u Þ such that ky k Ka k k%1/k. By the pullback asymptotic compactness of the RDS there is a convergent subsequence (which we can relabel as the original one) such that y k / a 2A N ðB; uÞ. Thus, A N ðB; uÞ is both non-empty and compact. Now suppose that A N ðB; uÞ does not pullback attract B. Then there is an e 0 O0 and sequences t k /N in R C and y k 2fðt k ; q Kt k u; B q Kt k u Þ such that distðy k ; A N ðB; uÞÞO e 0 ; ck R 1: ð4:2Þ Thus by pullback asymptotic compactness of the RDS, there is a convergent subsequence (which we can relabel) such that y k / a 2A N ðB; uÞ. But this contradicts (4.2), thus A N ðB; uÞ does in fact pullback attract B. In particular, for any eO0 there is a T e Z T e ðe; B; uÞO 0 such that dist X f t; q Kt u; B Now let X N e dspan fx 1 ; x 2 ; .; x N e g. Since X is uniformly convex, there exists a projection P N e X / X N e such that kx KP N e xkZ distðx; X N e Þ for each x2X.
P N e S tRT e fðt; q Kt u; B q Kt u Þ À Á is bounded in X since S tRT e fðt; q Kt u; B q Kt u Þ is bounded X. Thus the RDS is flattening.
Actually, we can easily prove that (iii) 0 (ii), i.e. if an RDS is pullback asymptotically compact, then it is pullback limit-set compact. Indeed, from (4.3) we get g fðt; q Kt u; B q Kt u Þ À Á % gðA N ðB; uÞÞ% e 4 ; ctR T e ; which means that the RDS is pullback limit-set compact. & Note that, in fact, we only use the uniform convexity of the Banach space X in the last implication. Thus, if X is a general Banach space then we have also proved that pullback limit-set compact 5 pullback asymptotically compact and pullback flattening 0 pullback asymptotically compact. Theorem 4.6. Suppose that an RDS (f, q) is pullback flattening and has a random bounded absorbing set B. Then it has a unique random attractor A with A u 3B u for every u2U.
Proof. Since the RDS has a random pullback absorbing setBZ fB u : u 2Ug, for any bounded random set B, the RDS is pullback absorbed intoB in a finite time, so we need only consider the asymptotic behaviour for the RDS starting inB.
In addition, the RDS is flattening, thus by theorem 4.5 it is pullback limit-set compact and from the proof of theorem 4.5, there is a non-empty compact subset A N ðB; uÞ of X for each u2U defined in (4.1). DefineÂ u dA N ðB; uÞ for each u2U and consider the family of non-empty compact subsets of X defined bŷ
We need to show thatÂ is (i) a random set, i.e. u1Â u is measurable, (ii) is f-invariant, i.e. fðt; qu; A u ÞZ A q t u , for all, tR0, and (iii) pullback attracting.
These are proved by standard arguments, which have appeared often in the literature. See, for example, Crauel & Flandoli (1994) or Crauel et al. (1995) for the first property and Wang et al. (in press) for the other two (where the proofs are given in the deterministic context but are also valid here). Concerning the uniqueness of the random attractor, we observe that, in particular, determininstic compact sets are attracted, so that we can apply corollary 5.8 in Crauel (1999) . & It also follows that pullback flattening is a necessary condition for the existence of random attractors since if A u is a random attractor, then an e-neighbourhood of A u is pullback absorbing and we have equation (4.3).
Corollary 4.7. Let (f, q) be an RDS on a uniformly convex Banach space X. If (f, q) has a random attractor A u , then the RDS is pullback flattening.
Remark 4.8. Crauel (2001) proved that a random attractor exists if, and only if, there exists a random compact attracting set. Note that the previous corollary does not give the equivalence between the flattening property and the existence of random attractors, since in theorem 4.6 we also need the existence of a random bounded absorbing set.
Pullback flattening and the random squeezing property
Infinite-dimensional non-autonomous dynamical systems driven, for example, by almost periodic functions are often very uniform in the driving system variables and thus many concepts and results for autonomous dynamical systems carry over to them (Chepyzhov & Vishik 2002) . This holds for non-autonomous generalizations of the flattening property (Wang et al. in press) . In contrast, random dynamical systems are highly non-uniform and new ideas are needed to take into account this non-uniformity. Debussche (1997) wrote the following sufficient condition in order to prove finite Hausdorff dimensionality of random attractors: suppose that an RDS (q, f) on a Banach space (X,k$k) has a random bounded absorbing set BZ fB u ; u 2Ug with B u 3B X ð0; rðuÞÞ, for all u from a q-invariant set of full measure and for a tempered random variable r (u). Let P: X/PX be a finite-dimensional orthogonal projector and write QZIKP.
Non-uniformity in the comparison of higher modes of trajectories can be handled in the following way (Debussche 1997) : suppose there exists a d2(0, 1/2) and a random variable c(u) with finite expectation EðcÞ! lnð1=dÞ such that kQðfð1; q t u; xÞKfð1; q t u; yÞÞk% d exp
for all x; y 2B q t u and each t 2R. This idea led Flandoli & Langa (1999) to define the following.
Definition 5.1 (Random squeezing property). Either the high modes are bounded by the low modes kQðfð1; q t u; xÞKfð1; q t u; yÞÞk% kPðfð1; q t u; xÞKfð1; q t u; yÞÞk;
or there exists a squeezing on the difference of two trajectories kfð1; q t u; xÞKfð1; q t u; yÞk% 2d exp ð tC1 t cðq s uÞds kx Kyk;
for all x; y 2B q t u and c($) a random variable c(u) with finite expectation satisfying EðcÞ! lnð1=dÞ.
The random squeezing property has been shown to be a sufficient condition for a determining modes result (Flandoli & Langa 1999; Langa 2003) and the finitedimensionality of random attractors (Debussche 1997; Langa 2003) .
It should be no surprise that pullback flattening is a weaker property than the random squeezing property since, given eO0, the pullback flattening property requires a T 0 ðB; e; uÞO 0 and an abstract finite-dimensional subspace X N (e, u) of X, which in general depend on e (as well as u), whereas in the random squeezing property the finite-dimensional subspace and projector P are fixed in advance and, in particular, do not depend on the value of eO0. Indeed, counter examples can be constructed in which the pullback flattening property holds, but random squeezing is impossible.
Theorem 5.2. Suppose that an RDS (q, f) in a Banach space X has a positively invariant bounded random absorbing set BZ fB u ; u 2Ug, with B u ZB X (0, r (u)), where r (u) is a tempered random variable.
If (q, f) satisfies the random squeezing property on B, then it is pullback limitset compact and hence the RDS has a random attractor.
In addition, if X is a uniformly convex Banach space, then the RDS (q, f) is pullback flattening.
Proof. For notational convenience, we will write f(1,u)B u for f(1,u,B u ), etc. Following the argument in theorem 3.1 of Debussche (1997) , f(1,u)B u can be covered by k 0 balls of radius e K1/2 r (u), in other words
On the other hand, by the co-cycle property, fðn; q Kn uÞB q Kn u Z fð1; q K1 uÞ+fð1; q K2 uÞ+/+fð1; q Kn uÞB q Kn u :
Thus, fð1; q Kn uÞB q Kn u can be covered by k 0 balls of radius e K1/2 r(q Kn u) and, similarly, each of the balls of this covering can be covered by k 0 balls of radius e K2/2 r(q Kn ,u). Iterating this argument, we obtain
B X a n i ; e Kn=2 rðq Kn uÞ :
Since r (u) is tempered, given eO0 there is an n 0 with e Kn/2 r(q Kn u)!e for nRn 0 , so that fðn; q Kn uÞB q Kn u can be covered by a finite number of balls of radius less than e.
But for tZnCs, sR0, by the positive invariance of B u and the co-cycle property fðt; q Kt uÞB q Kt u Z fðn; q Kn uÞ+fðs; q Kt uÞB q Kt u 3fðn; q Kn uÞB q Kn u ;
for all tRn 0 . Thus
so the RDS is thus pullback limit-set compact. Finally, if X is a uniformly convex Banach space, then theorem 4.5 implies that the RDS is pullback flattening. & (a ) A sufficient condition for pullback flattening
In our abstract theory, the flattening property is equivalent to a RDS to be pullback limit-set compact, so that the last property could be used in order to prove a system to be flattening. However, in many applications, the flattening can be proved directly, and actually flattening and squeezing properties can often be established by related arguments, in the sense that the same projectors can often be used for both the random squeezing property and the pullback flattening, as will be seen in §6.
Here, we give a general result in this direction, which is also useful for nonautonomous deterministic PDEs and can be used directly for applications involving stochastic PDEs.
Suppose that (q, f) on a Banach space X is an ergodic RDS with a positively invariant random absorbing set BZ fB u ; u 2Ug such that B u 3B X (0, r (u)), P-a.s., where r (u) is a tempered random variable. Let P : X/PX be a finitedimensional orthogonal projector with QdIKP. A deterministic version for this property, applied to the two-dimensional Navier-Stokes equations, can be found in Constantin et al. (1985) . The main difference between the higher mode inequality (5.3) here and its (squeezing) counterpart in the deterministic case is the presence of the factor exp Ð t 0 cðq s uÞds À Á for which, in general, there is no uniform bound in time. Hence, the pathwise flattening in the random case is much weaker than that which holds in the deterministic framework. The higher mode inequality (5.3) is a sufficient condition for the flattening property in random dynamical systems.
Theorem 5.4. Suppose that an ergodic RDS (q, f) on a Banach space X satisfies the higher mode inequality (5.3). Then the RDS satisfies the pullback flattening property, and hence has a random attractor.
Proof. To prove the pullback flattening, first from (5.3) we obtain the inequality kQfð1; u; xÞk% e and note that by the co-cycle property fðn; q Kn u; xÞ Z fð1; q K1 u; $Þ+fð1; q K2 u; $Þ+/+fð1; q Kn u; xÞ;
for all x 2B q Kn u . Consider a point x n 2B q Kn u for a given fixed nO2. Then there exists x 1 2B q K1 u with x 1 Z fð1; q K2 u; $Þ+/+fð1; q Kn u; x n Þ, which satisfy kQfðn; q Kn u; x n Þk Z kQfð1; q K1 u; x 1 Þk: By the ergodicity of q t and the temperedness of r (u) for n large enough so that we can also take j Rj 0 large enough, we obtain exp ð 0 KjK1 cðq s uÞds % expðEðcÞ C e 1 Þðj C 1Þ:
Thus, for the expression in (5.2) we have
Observing that the infinite series here is convergent, we have proved for some random constant c 2 (u) that kQfðn; q Kn u; x n Þk% e Kn=d kQðx n Ky n Þk C c 2 ðuÞd: Thus, given eO0, we can choose d sufficiently small enough and an n 0 such that kQfðn; q Kn u; x n Þk% e; ð5:3Þ for all x n 2B q Kn u and nRn 0 . Now, if we take tRn 0 C1 with tZnCs and s2[0,1) , for x t 2B q Kt u we obtain kfðt; q Kt u; x t Þk Z kfðn; q Kn u; x n Þk! e; ð5:4Þ with x n Z fðs; q Kt u; x t Þ 2B q sKt u , so that pullback flattening holds. &
Two examples
We consider two well-known examples from the literature and indicate briefly how the flattening property can be verified for them. Since both examples satisfy the random squeezing property then the pullback flattening property also holds. The first example just tries to illustrate an already known model where the theory could be applied. We think our second example is more interesting, as we will show how to prove the existence of random attractors in space V for stochastic twodimensional Navier-Stokes equations without having to show the existence of an absorbing ball in space D(A) (for a deterministic version of this result see Ma et al. (2002) ). Note that since the examples involve additive noise, the noise terms disappear on substraction in setting the squeezing estimates. For the flattening estimates we first have to substract an appropriate Ornstein-Uhlenbeck process to convert the stochastic PDE into a random PDE, but we have to do this in any case to prove the existence of an absorbing ball.
(a ) A stochastic reaction-diffusion equation
The first known example where a random squeezing property is satisfied appears in Debussche (1997) , where the following stochastic reaction-difussion equation is studied: let D 3R m , m%3, be an open bounded set with regular boundary. We consider
with u(x, t)Z0 for x2vD, where the j i 2D(D), the W i t are independent two-sided scalar Wiener processes on the probability space ðU; F ; PÞ and f (u) is a polynomial with negative higher order coefficient. From Debussche (1997; section 3.1) we easily conclude the random squeezing property, so that theorem 5.2 holds, and thus the flattening property is satisfied for this example.
(b ) Random attractor in V for stochastic two-dimensional Navier-Stokes equations
We use the notation from Temam (1988) , in particular the space H with norm j$j and the space V with norm k$k, and consider the two-dimensional stochastic (or random) Navier-Stokes equations (RNSE) with scalar additive noise vu vt C uVuKnDu C grad p Z f C jdW t ; V$u Z 0; ð6:2Þ in a two-dimensional torus O in R 2 with periodic boundary conditions, where W is a two-sided scalar Wiener process and j2D(A) and, for simplicity, we assume j is an eigenfunction of the Stokes operator. We write this as du dt Z Au C Bðu; uÞ C f C j dW t ;
and assume that the forcing term f does not depend on time.
To set our problem in the usual abstract framework, we consider the following spaces:
HZ the closure of V in ðL 2 ðOÞÞ 2 with norm j$j, and inner product ($, $) where for u; v 2ðL 2 :
The higher modes inequality follows from this last inequality and the fact that the random integral has finite expectation using the results in section 5.2 of Flandoli & Langa (1999) . Thus, the stochastic two-dimensional Navier-Stokes has a random attractor in V, rather than just in H as shown elsewhere in the literature.
